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Is the photon paramagnetic?
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Calle E 309, Vedado, Ciudad Habana, Cuba.
(Dated: November 3, 2018)
A photon exhibits a tiny anomalous magnetic moment µγ due to its interaction with an external
constant magnetic field in vacuum through the virtual electron-positron background. It is param-
agnetic (µγ > 0) in the whole region of transparency, i.e. below the first threshold energy for pair
creation and has a maximum near this threshold. The photon magnetic moment is different for
eigenmodes polarized along and perpendicular to the magnetic field. Explicit expressions are given
for µγ for the cases of photon energies smaller and closer to the first pair creation threshold. The
region beyond the first threshold is briefly discussed.
PACS numbers: 12.20.-m, 12.20.Ds, 13.40.Em, 14.70.Bh.
I. INTRODUCTION
In recent years, due to the development of high power
lasers and ion accelerators, the problem of pair creation
in strong external electromagnetic fields has attracted
the interest of several researchers both in experimental
and theoretical aspects (see for instance [1]-[3] and ref-
erences therein). In this connection, it is interesting to
turn our attention to the study of some elementary parti-
cle properties arisen from radiative corrections in strong
external electromagnetic fields. For instance, in analogy
to the anomalous magnetic moment µ′ = αµB/2π (be-
ing µB = e/2m the Bohr magneton) for electrons shown
by Schwinger [4] as due to their interaction with the vir-
tual photon background through its self-energy, we want
to show in the present paper that a similar effect ex-
ist for photons. Due to the magnetic properties of the
photon self-energy, a photon anomalous magnetic mo-
ment µγ > 0 arises, which is paramagnetic in the region
of transparency (which is the region of momentum space
where the photon self-energy, and in consequence, its fre-
quency, is real), and has a maximum value for ω close to
the first threshold for pair creation ω = 2m. The photon
magnetic moment vanishes only when its momentum k
is parallel to the magnetic field B.
The photon magnetic properties are due to the de-
pendence of ω on B expressed by the photon dis-
persion equation dependence on the self-energy tensor
Πµν(x, x
′′|Aext). For an observable photon the quantity
µγ = −∂ω/∂B can be obtained analytically from the ex-
pression for Πµν(x, x
′′|Aext). In terms of the e± Green
functions G(x, x′) in presence of the external field B it is
Πµν(x, x
′′|Aext) = α ∫ TrγµG(x, z)γνG(z, x′′)d4z and in
the one-loop approximation it was calculated by Batalin
and Shabad in the Schwinger proper time representation
[5]. Such expression contains the sum over all Landau
numbers and spin quantum numbers of the virtual e±
pairs. From the dispersion equations for the eigenmodes
resulting from its diagonalization, it was found in [6, 7]
that the photon suffers a strong deviation from the light
cone curve at frequencies near the pair creation energy
thresholds, indicating that the photon dynamics in the
external magnetic field is strongly influenced by the vir-
tual e± pairs, showing a behavior similar to a massive
particle. We emphasize here that the photon propagat-
ing in magnetized vacuum behaves in a similar way to
a polariton, which in condensed matter are quasiparti-
cles resulting from strong coupling of a photon with a
dipole-carrying excitation.
The contribution from the electron anomalous mag-
netic moment to the photon anomalous magnetic mo-
ment would appear in the two loop approximation, of
order α2 with regard to the radiation field, and not in
the present one-loop term, proportional to α.
We start in the first Section by recalling some basic fea-
tures of the quantum relativistic electron dynamics in the
magnetic field B and on the photon eigenmodes kinemat-
ics and dynamics. In the second we obtain the general
expression for the photon magnetic moment in terms of
the self-energy eigenvalues. In the third Section, we ob-
tain the magnetic moment in the small frequency limit,
which leads actually to expressions valid up to frequen-
cies close to the threshold limit 2m. The fourth Section
is devoted to obtain the approximate expressions for the
photon magnetic moment at frequencies near and below
the pair creation thresholds, where it has a maximum
value. In the last Section a resume is made of the results
obtained in the paper, which correspond to the so-called
region of transparency, and mention is made about some
features characterizing the region of absorption, beyond
the first threshold for pair creation.
II. SOME BASIC RESULTS
If the constant uniform magnetic field B is along the
x3 axis, it breaks the space symmetry so that for elec-
trons and positrons (e±) physical quantities are invariant
only under rotations around x3 or displacements along
it. Angular momentum and spin components J3,L3,s3
as well as linear momentum p3 are conserved. By us-
ing units ~ = c = 1, the energy eigenvalues for e± are
2En,p3 =
√
p23 +m
2 + eB(2n+ 1 + s3) where s3 = ±1
are spin eigenvalues along x3 and n = 0, 1, 2.. are the
Landau quantum numbers [8]. In other words, in pres-
ence of B, the transverse squared energy E2n,p3 − p23 is
quantized by integer multiples of eB. For the ground
sate n = 0, s = −1, the integer is zero. Quantum
states degeneracy with regard spin is expressed by a term
αn = 2 − δ0n, whereas degeneracy with regard to orbit’
center coordinates leads to a factor eB, The quantity
1/eB characterizes the spread of the e± spinor wave-
functions in the plane orthogonal to B. Due to the
explicit symmetry breaking, the four momentum oper-
ator acting on the vacuum state does not have a van-
ishing four-vector eigenvalue, Pµ|0, B > 6= 0. The e±
quantum vacuum energy density is given by ΩEH =
−eB∑∞n=0 αn ∫ dp3En,p3 , After removing divergences it
gives the well-known Euler-Heisenberg expression ΩEH =
αB2
8pi2
∫∞
0 e
−Bcx/B
[
cothx
x − 1x2 − 13
]
dx
x which is an even
function of B and Bc, where Bc = m
2/e ≃ 4.4 × 1013G
is the Schwinger critical field. The magnetized vacuum
is paramagnetic MV = −∂ΩEH/∂B > 0 and is an odd
function of B [9]. For B << Bc it is MV = 2α45pi B
3
B2c
,
where α the fine structure constant.
The diagonalization of the photon self-energy tensor
leads to the equations [6]
Πµνa
(i)
ν = κia
(i)
µ , (1)
having three non vanishing eigenvalues and three eigen-
vectors for i = 1, 2, 3, corresponding to three photon
propagation modes. One additional eigenvector is the
photon four momentum vector kν whose eigenvalue is
κ4 = 0. The first three eigenvectors
a1µ = k
2F 2µλk
λ − kµ(kF 2k),
a2µ = F
∗
µλk
λ, a3µ = Fµλk
λ, (2)
satisfy the four dimensional transversality condition
a
(1,2,3)
µ kµ = 0. Here kµ is the photon four-momentum,
Fµν = ∂µAν − ∂νAµ and Fµν∗ = 12ǫµνρκFρκ are the
external electromagnetic field tensor and its dual pseu-
dotensor, respectively. The vectors k⊥ and k‖ are the
components of k across and along B. In what follows
k2 = z1+ z2 where z1,2 are invariant variables defined by
z1 =
kF ∗2k
2F
= k2‖ − ω2, z2 = −
kF 2k
2F
= k2⊥. (3)
In reference frames which are at rest or moving parallel
to B we define n⊥ = k⊥/k⊥ and n‖ = k‖/k‖ as the
transverse and parallel unit vectors respectively.
By considering a
(i)
µ (x) as the electromagnetic four vec-
tor describing these eigenmodes, its electric and magnetic
fields e(i) = − ∂∂x0~a(i) − ∂∂xa
(i)
0 , h
(i) = ∇ × ~a(i) are ob-
tained in [6]. It is easy to see that the mode i = 3 is a
transverse plane polarized wave whose electric unit vec-
tor is e(3) = (n⊥ × n‖) orthogonal to the plane (B,k).
For k ⊥ B, a(1)µ is longitudinal, polarized along e(1) = n⊥
and it is a non physical mode, whereas a
(2)
µ is transverse,
since e(2) = n‖. Thus, in that case modes a
(2,3)
µ are su-
perposition of waves of opposite helicity. For k ‖ B, the
mode a
(2)
µ becomes pure electric and longitudinal with
e
(2) = n‖(and also non physical), whereas a
(1)
µ is trans-
verse e(1) = n⊥, as it is e
(3) [6, 7, 10]. In that case
κ(1) = κ(3), and the circular polarization unit vectors
(e1± ie3)/√2 are common eigenvectors of Πij and of the
rotation generator matrix A3ij .
We want to remark three points: first, from the dia-
grammatic point of view, the non-zero photon magnetic
moment is due to the non-vanishing three-leg diagram
resulting from differentiating the field -dependent pho-
ton self-energy with regard to B. Obviously, such dia-
gram vanishes in the limit B = 0, as it is demanded by
Furry’s theorem. As a second remark, as µγ depends
through Πµν(k, k
′′|Aext) on the sums over infinite pairs
of Landau quantum numbers and spins of the e± pairs,
it cannot depend on any specific eigenvalue of angular
momentum, spin or orbit’s center coordinates. Our third
remark is that due to the degeneracy of the orbit’s centers
of the pair, a factor eB is contained in Πµν(k, k
′′|Aext)
[7], which is also even in eB (as it is ΩEH), and µγ is an
odd function of B.
The dispersion equations, obtained as the zeros of the
photon inverse Green function D−1µν = 0, after diagonal-
izing the polarization operator Πµν(z1, z2, B), are
k2 = κi(z2, z1, B) i = 1, 2, 3. (4)
After solving the dispersion equations for z1 in terms of
z2 we get
ω(i)2 = |k|2 +M2(i) (z2, B) (5)
Let us remark at this point that the refraction index
n(i) can be defined as
n(i) =
|k|
ω
= (1 +
M2(i)
ω2
)1/2 (6)
being different for each eigenmode, leading to the phe-
nomenon of birefringence. The propagation of light
in magnetized vacuum is thus similar to that in an
anisotropic medium. Gauge invariance implies that
κ(i)(0, 0, B) = 0 and M
2(i)(0, B) = 0. Thus, for par-
allel propagation n(i) = 1. By differentiating (5) with
regard to B we get the relation µ
(i)
γ = − 12ω ∂M
2(i)
∂B , and in
consequence M2(i) = −2 ∫B0 ωµ(i)γ (B′)dB′ + f(z2). The
function f(z2) is zero if the series expansion of κ(i) in
powers of B is taken as linear in z1, z2 (see below and
Appendix). From (5), we have the approximate disper-
sion equation
ω = |k| −
∫ B
0
µ(i)γ (z2, B
′, |k|)dB′. (7)
For nonparallel propagation the fact that n(i) < 1 is a
consequence of photon paramagnetism.
3Let us point out more explicitly the observable conse-
quences of the paramagnetic properties of the photon. As
mentioned before, quantum vacuum has a magnetization
MV > 0 [9] at any point of space P . If there is a nonzero
photon density N iγ around P , an additional magnetiza-
tion Mγ , which in the monochromatic case it is simply
Mγ =
∑i
N iγµ
i
γ , is produced on P . This magnetization
is essentially determined by the photon momentum com-
ponent k⊥ (or angular momentum k⊥/
√
eB) transferred
to the electron-positron virtual quanta, and the photon
gets its magnetic properties from its interaction with the
virtual pairs. The photon magnetizationMγ contributes
to an (usually small) increase of the microscopic field B
to B′ = B + 4πMγ .
A possible way to measure the photon magnetic mo-
ment would be provided by the measurement of the re-
fraction indexes n(i)(6). Through them, we obtain M2(i),
and by knowing B and k, the values of µ
(i)
γ would be ob-
tained. In the astrophysical scenario, the dependence of
n(i) with regard µ
(i)
γ play an important role in the mag-
netic lensing effect. See for instance [11].
The renormalized eigenvalues of the polarization oper-
ator, calculated in one-loop approximation [7], are given
by the expressions
κi =
2α
π
∫ ∞
0
dt
∫ 1
−1
dηe−
t
b
[
ρi
sinh t
eζ +
k2η¯2
2t
]
, (8)
ζ = − z2
eB
sinh(η+t) sinh(η−t)
sinh t
− z1
eB
η¯2t
ρ1 = −k
2
2
sinh(η+t) cosh(η+t)
sinh t
η−
ρ2 = −z1
2
η¯2 cosh t− z2
2
sinh(η+t) cosh(η+t)
sinh t
η,
ρ3 = −z2
2
sinh(η+t) sinh(η−t)
sinh2 t
− z1
2
sinh(η+t) cosh(η+t)
sinh t
η−,
where we have used the notation b = eBm2 =
B
Bc
, η± =
1±η
2 , η¯ =
√
η+η−.
III. PHOTON ANOMALOUS MAGNETIC
MOMENT
We will find now the explicit expressions for the pho-
ton magnetic moment. We can state that in the regions
−z1, z2 ≤ 4m2 and 0 < B ≤ Bc, the photon is paramag-
netic, since µ2,3γ > 0. To that end we differentiate with
regard to B the dispersion equation z1+ z2 = κi and get
∂z1
∂B
=
∂κi
∂B
=
2α
π
∫ ∞
0
dt
∫ 1
−1
dηe−
t
b
[
m2
B
φi +
∂z1
∂B
ϕi
]
, (9)
φi =
1
m2
[
ρie
ζ
sinh t
(
t
b
− ζ
)
+
k2
b
η¯2
2
]
,
ϕi =
eζ
sinh t
(
∂ρi
∂z1
− ρi
eB
η¯2t
)
+
η¯2
2t
,
and taking in mind that ∂z1∂B = −2ω ∂ω∂B in (9), we ob-
tain an expression for the photon anomalous magnetic
moment
µiγ = −
∂ω
∂B
(10)
=
m2
2ωB
2α
pi
∫∞
0 dt
∫ 1
−1 dηe
− t
bφi
1− 2αpi
∫∞
0
dt
∫ 1
−1
dηe−
t
bϕi
.
By starting from the exact expressions (8), (10) in Figs.
1, 2 it is depicted the result of a numerical calculation
for µγ for the second and third modes, in the interval
0 < B < Bc, for frequencies such that 0 < −z1, z2 ≃ m2.
It confirms that the paramagnetic behavior is maintained
throughout such interval for the modes 2, 3.
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FIG. 1: Photon magnetic moment for modes 2 ,3 drawn for
−z1, z2 ≤ m
2 in a logarithmic scale.
It is easy to see that for propagation along B , the
vacuum behaves as in the limit B = 0 for all eigenmodes.
That is why we are mainly interested in studying the per-
pendicular photon propagation case k‖ = 0 , for which
the first mode is non physical, as was pointed out before.
As different from modes 2, 3 the dispersion equation for
mode 1 (which is longitudinal and unphysical for prop-
agation orthogonal to B) is the light cone in the low
frequency limit ω2i −|k|2 = 0 (its dependence on B starts
to appear in the term quadratic in z1, z2; see Appendix).
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FIG. 2: Photon magnetic moment curve for the second mode
drawn with regard to squared transverse momentum. It shows
a peak near the first threshold.
We recall that this mode exists as a physical mode for
propagation along B, which is on the light cone.
We consider the two extreme cases: 1) small departure
from the light cone dispersion law, and 2) large deviation
from the light cone, which occurs near the singularities
of the photon self-energy due to pair creation, which is
especially interesting for fields B ≃ Bc, We discuss also
the numerical calculation of µ2,3γ in the region in between
these two limits.
A. Small frequencies and weak field limit
We will refer first to the small frequencies and weak
field case, which corresponds to the subregions −z1, z2 ≪
m2 and 0 < B ≪ Bc. In that subregion we can expand in
series the expressions for κi (8), and retain only the linear
approximation in z1, z2 (the details of these calculations
are given in the Appendix)
κ
(0)
i =
2α
π
∑
j=1,2
Gijzj, (11)
where Gij(b) =
∑∞
n=1 aijnb
2n are series in even powers
of b, and aijn are numerical coefficients.
In this section we are interested in computing µ2,3γ (per-
pendicular propagation). The solutions of the dispersion
equations in this limit z1 + z2 = κ
(0)
2,3 for the second and
the third modes, respectively, are
z1 = −z2
1− 2αpi G22
1− 2αpi G21
, (12)
z1 = −z2
1− 2αpi G32
1− 2αpi G31
(13)
From (12), (13), after a straightforward calculation we
get µ2,3γ = − ∂ω∂B ,
µ2γ =
αz2
πωBc
(
1− 2αpi G21
)
G˜22 −
(
1− 2αpi G22
)
G˜21(
1− 2αpi G21
)2 ,
µ3γ =
αz2
πωBc
(
1− 2αpi G31
)
G˜32 −
(
1− 2αpi G32
)
G˜31(
1− 2αpi G31
)2 ,
G˜ij =
dGij
db
=
1
b2
∫ ∞
0
dte−
t
b gijt. (14)
It is easy to see that µ2,3γ > 0 due to the smallness of
α << 1 and also because −G˜21 > G˜32 > G˜22 > 0, G˜22 =
G˜31.
As an example, we take the first two terms in the
κ
(0)
i series expansion. We can write d
(2) = 7α/45π,
d(3) = 4α/45π, c(2) = 26/49, c(3) = −12/7, (in the
present approximation the expressions for d(2),(3) agree
with those obtained earlier in refs. [12], [13] in calcu-
lating the indexes of refraction of magnetized vacuum
orthogonal and parallel to B, by properly differentiating
the Euler-Heisenberg Lagrangian). We have then
M2(i) (z2, B) = −d(i)z2(b2 + c(i)b4), (15)
and the magnetic moments
µ2γ =
14αz2
45πBc|k|
(
b− 52b
3
49
)
> 0 (16)
and
µ3γ =
8αz2
45πBc|k|
(
b− 24b
3
7
)
> 0. (17)
In the present limit µ2,3γ are small quantities which grow
with the frequency and magnetic field intensity. For in-
stance, for radiation of frequency 1015Hz and magnetic
field intensities of order 5 ·104G (of order similar of those
used in some of the PVLAS experiments [17]), µ2,3γ ∼
10−16µ′. This quantity is very small and a photon density
of order Nγ ∼ 1024 cm−3, would be required to have the
photon magnetization M2,3γ = Nγµ2,3γ ∼ 10−15G, larger
than the vacuum magnetization MV . But in magnetic
fields and densities of the same order but using X-ray
lasers [16] µ2,3γ ∼ 10−13µ′, and the magnetization might
be of order 10−7G.
Larger values may occur for γ rays in strongly magne-
tized stars. For instance, for frequencies of order 1020Hz
and magnetic fields ∼ 1012G, we have µ2,3γ ∼ 10−2µ′.
5B. High frequencies and strong fields case
We will be interested now in the case m2 . −z1 ≤
4m2, B . Bc. In such case, the energy gap between suc-
cessive Landau energy levels for electrons and positrons
is of order close to the electron rest energy. The photon
self-energy diverges for values of −z1 = k′2⊥ , where
k′2⊥ = m
2[(1 + 2nb)1/2 + (1 + 2n′b)1/2]2 (18)
are the thresholds for pair creation [6] at the Landau
quantum numbers n, n′ = 0, 1, 2... Near and below the
thresholds, the photon behaves like a massive vector par-
ticle. We are interested in the first threshold n = n′ = 0
and photons of energy ω such that −z1 . 4m2. The
eigenvalues of the propagation modes can be written ap-
proximately near the thresholds n, n′ [14] as
κ(i) ≈ −2πφ(i)n,n′/|Λ| (19)
with
|Λ| = ((k′2⊥ − k′′2⊥ )(k′2⊥ − ω2 + k2‖))1/2 (20)
where
k′′2⊥ = m
2[(1 + 2nb)1/2 − (1 + 2n′b)1/2]2, (21)
is the squared threshold energy for excitation between
Landau levels n, n′ for an observable electron or positron.
This term does not lead to any singular behavior in the
present quantum vacuum case. The functions φ
(i)
n,n′ are
expressed in [14] in terms of Laguerre functions of the
variable z2/2eB. The expression (19), being an approxi-
mation, is not even in B for a given pair n, n′. An even
expression would be obtained after summing over all n, n′
values.
In the vicinity of the first threshold n = n′ = 0 and
by considering k⊥ 6= 0 and k‖ 6= 0, according to [6, 7]
the physical eigenwaves are described by the second and
third modes, but only the second mode has a singular
behavior near the threshold and the function φ
(2)
0,0 has
the structure
φ
(2)
0,0 ≃ −
2αeBm2
π
exp
(
− z2
2eB
)
, (22)
In this case k′′2⊥ = 0 and k
′2
⊥ = 4m
2 is the threshold
energy. The solutions of the dispersion equation k2 =
κ00(2) were obtained in [7]. Below the thresholds it gives
a real solution plus two complex conjugate ones, located
on the second sheet of the complex ω plane.
It is important to remark here the role of the function
e−z2/2eB which is present in all φ
(i)
n,n′ . It makes them sig-
nificant for z2 . 2eB and makes them and (19) vanishing
small for z2 >> 2eB. By substituting (22) in (19), and
by differentiating the dispersion equation with regard to
B one gets for the second mode the photon magnetic
moment
µ(2)γ =
PQ
ωBc(P 3/2 + bQ)
(1 +
z2
2eB
) > 0, (23)
P = (4m2 + z1), Q = αm
3 exp(− z2
2eB
).
This solution is valid in the vicinity of the first thresh-
old and agrees with the previously mentioned numeri-
cal result in its paramagnetic property, which is valid
throughout the whole region of transparency (below the
first pair creation threshold).
The expression (23) has a maximum near the thresh-
old, z2 ≃ k′2⊥ . If we consider ω close to 2m, the function
µ
(2)
γ = f(X), where X =
√
4m2 + z1 has a maximum for
X = (2πφ
(2)
00 /m)
1/3, which is very close to the threshold.
By calling
mγ = ω(k
′2
⊥) =
√
4m2 −m2[2αb exp(−2
b
)]2/3 (24)
that maximum is µ
(2)
γ =
e(1+2b)
3mγb
[
2αb exp
(− 2b )]2/3. Nu-
merically for b ∼ 1, µ(2)γ ≈ 3µ′
(
1
2α
)1/3 ≈ 12.85µ′.
In Fig.1 it is depicted the dependence of µ
(2)
γ with re-
gard to k′2⊥ . It shows that µ
(2)
γ > 0 and has an absolute
maximum for B . Bc.
In (24) we introduced mγ which has meaning near the
thresholds, and we name the photon dynamical mass in
presence of a strong magnetic field. It is a consequence
of the enhanced coexistence of the massless photon with
the massive virtual pair (as a polariton). For energies
near the thresholds, it has a behavior similar to a neutral
massive vector particle moving parallel to B. However,
it does not violate gauge invariance since the condition
Πµν(0, 0, B) = 0 is preserved. The idea of a photon mass
has been introduced previously, for instance in [15], in a
regime different from ours, in which k‖ ≫ 4m2.
Beyond the first threshold n = n′ = 0, for frequen-
cies such that −z1 > 4m2 starts the so-called region of
absorption, i.e., for 4m2 + z1 < 0, κ(2) becomes com-
plex, its imaginary part leading to complex frequencies
ω+ iΓ after solving the dispersion equations (the thresh-
olds for absorption would be slightly lower if the photon
decays in a pair in a bound state, forming positronium.
See [10],[20]). The quantity Γ is finite on the photon
mass shell [7] and it accounts for the probability of pho-
ton decay in electron-positron pairs (the same occurs for
higher thresholds). Thus, in this region the photon mag-
netic moment cannot be considered independently of the
created electron-positron pairs.
IV. CONCLUSIONS AND DISCUSSION
We have seen that a photon moving in magnetized vac-
uum shows a paramagnetic behavior, its magnetic mo-
ments, which are different for each polarization mode,
being increasing functions of B. This behavior is shown
in the low frequency, low magnetic field limit −z1 ≪ m2,
B ≪ Bc as well as in the large frequency large magnetic
field limit, m2 ≤ −z1 ≤ 4m2 B ≃ Bc. Both limits corre-
spond to the region of transparency. The measurement
6of µ2,3γ in the low frequency limit could be accessible to
next future laboratory conditions. The large frequency
limit is interesting in connection to astroparticle physics
(strongly magnetized stars).
The absorptive region is the continuation of the large
frequency, large magnetic field limit to the region −z1 ≥
4m2 and fields B & Bc. That region is also interest-
ing in astrophysics, and in cosmology (stars with fields
B & Bc and early universe). A study on the photon
magnetic moment in this new scenario is in progress
by the present authors. It is interesting, however, to
remark some of the new features. For instance, al-
though larger values are expected for the photon mag-
netic moment than in the region of transparency, a neg-
ative peak is found for the first threshold of the third
mode. This has no absolute meaning since in that region
photons coexist with electron-positron pairs (the pho-
ton has some nonzero probability of decaying in pairs
or either in positronium) and the magnetic moment of
the created electron-positron pairs (or positronium) must
be added to that of photons. Also, the magnetized
vacuum background is no longer satisfactorily described
by the Euler-Heisenberg expression ΩEH , and radiative
corrections containing the photon self-energy must be
taken into account. These corrections can be written as
Ω1EH =
∑
i
∫ e
0
(de′/e′)
∫
d3kdωκ(i)/(k
2−κ(i)) (or either, a
similar expression in terms of the electron Green function
and self energy)[21] (appropriate counterterms must be
subtracted to make the integrals convergent). For some
ranges of k and ω, κ(i) become complex, and this suggests
that quantum vacuum modes at these frequencies might
become unstable and decay for fields B & Bc. At present
QED in unstable vacuum (see for instance [22], [23] and
its references) has growing interest, and the possibility of
observing vacuum decay in critical electric fields in ter-
restrial laboratories (see [24]) is becoming realistic thanks
to the development of high power pulse lasers technology.
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VI. APPENDIX
We start from the renormalized eigenvalues of the
polarization operator in presence of a constant homo-
geneous magnetic field in the one-loop approximation,
given by Shabad (8). We are interested in a wide range of
frequencies characterized by the condition z1, z2 << m
2.
We can express κi as
κi =
∞∑
l=0
κ
(l)
i , (25)
κ
(0)
i =
2α
π
∫ ∞
0
dt
∫ 1
−1
dηe−
t
b
[
ρi
sinh t
+ (z1 + z2)
1− η2
8t
]
,
κ
(l)
i =
2α
π
1
l!
∫ ∞
0
dt
∫ 1
−1
dηe−
t
b
ρi
sinh t
ζl,
and consider the first few terms of κ
(l)
i in the series ex-
pansion (25). Here we explicitly compute κ
(0)
i and κ
(1)
i .
A. The linear in z1, z2 term κ
(0)
i
After integrating on η we get for the term κ
(0)
i ( i =
1, 2, 3), which is linear in z1, z2
κ
(0)
i =
2α
π
∫ ∞
0
dte−
t
b
∑
j=1,2
gijzj , (26)
g11 = − 1
12 t
− coth t
4 t2
+
coth2 t
4 t
> 0, (27)
g21 =
1
6t
− cosh t
6 sinh t
< 0,
g32 =
1
6t
+
1
2t sinh2 t
− cosh t
2 sinh3 t
> 0,
and
g12 = g22 = g31 = g11. (28)
For fields eB << m2 (actually it is enough that
eB
m2 . 10
−1) the functions inside the integrals in κ
(0)
i are
significantly different from zero only for t << 1 and we
can expand the following expressions around t = 0 and
retain the first four terms:
g11 ≈ t
45
− t
3
315
+
2 t5
4725
− t
7
18711
,
g21 ≈ 1
6
(
− t
3
+
t3
45
− 2t
5
945
+
t7
4725
)
, (29)
g32 ≈ t
15
− t
3
63
+
2t5
675
− t
7
2079
,
Finally, by using (29) we easily get approximate ex-
pressions for the first term κ
(0)
i of the series expansion of
the eigenvalues (25). We have
κ
(0)
i =
2α
π
∑
j=1,2
Gijzj , (30)
7where
Gij =
∫ ∞
0
dte−
t
b gij , (31)
are even functions of b (from (28) G11 = G12 = G22 =
G31)
G11 =
1
45
b2 − 2
105
b4 +
16
315
b6 − 80
297
b8,
G21 =
1
6
[
−1
3
b2 +
2
15
b4 − 16
63
b6 +
16
15
b8
]
,
G32 =
1
15
b2 − 2
21
b4 +
16
45
b6 − 80
33
b8,
B. The term κ
(1)
i , quadratic in z1, z2
The quadratic terms in z1, z2 appear in the term κ
(1)
i ,
which can be calculated by following the same procedure
we used previously to get κ
(0)
i . We obtain, after integrat-
ing in η,
κ
(1)
i =
α
πeB
∫ ∞
0
dte−
m2
eB
t
∑
j,n=1,2
fijnzjzn, (32)
f111 = − 1
4 t2
− 3 coth t
4 t3
+
3 coth2 t
4 t2
,
f112 =
1
2 sinh2 t
[
−1
8
+
19
32t2
+
11 cosh2t
32t2
−
3 coth t
16t
− 3 sinh 2t
8t3
]
,
f122 =
3 coth2 t
16t2
− 1
8 sinh2 t
− 3 coth t
16t sinh2 t
,
f211 =
t
15
coth t,
f212 =
1
24
[
2− 3 coth t
t3
+
(
2 +
3
t2
)
1
sinh2 t
]
,
f222 =
1
16t2
[
3 coth2 t− t (2t+ 3 coth t) 1
sinh2 t
]
,
f311 = − 1
4t3
(
t+ 3 coth t− 3t coth2 t) ,
f312 =
1
96t2
[
9 +
33− 6t2 + t(−33 + 8t2) coth t
sinh2 t
]
,
f322 =
1
8 sinh4 t
[
4 + 2 cosh(2t)− 3
t
sinh(2t)
]
.
After expanding the functions fijn around t = 0, by
keeping the first five terms in the expansion, we have
f111 ≈ 1
15
− t
2
105
+
2 t4
1575
− t
6
6237
+
1382 t8
70945875
,
f112 ≈ 1
2
[
2
15
− t
2
42
+
t4
270
− 82 t
6
155925
+
907 t8
12899250
]
,
f122 ≈ 1
15
− t
2
70
+
23 t4
9450
− 19 t
6
51975
+
7213 t8
141891750
,
f211 ≈ 1
15
(
1 +
t2
3
− t
4
45
+
2t6
945
− t
8
4725
)
, (33)
f212 ≈ 1
2
[
2
15
+
t2
126
− 19t
4
14175
+
181t6
935550
− 5443t
8
212837625
]
,
f222 ≈ 1
15
− t
2
70
+
23t4
9450
− 19t
6
51975
+
7213t8
141891750
,
f311 ≈ 1
15
− t
2
105
+
2t4
1575
− t
6
6237
+
1382t8
70945875
,
f312 ≈ 1
2
[
2
15
− 13t
2
315
+
253t4
28350
− t
6
630
− 106643t
8
425675250
]
,
f322 ≈ 1
15
− 2t
2
63
+
2t4
225
− 4t
6
2079
+
1382t8
3869775
.
We finally integrate once more in t and express κ
(1)
i as
κ
(1)
i =
α
πm2
∑
j,n=1,2
Fijnzjzn, (34)
where
Fijl =
1
b
∫ ∞
0
dte−
t
b fijn, (35)
F111 =
1
15
− 2
105
b2 +
16
525
b4 − 80
693
b6 +
176896
225225
b8,
F112 =
1
2
[
2
15
− 1
21
b2 +
4
45
b4 − 1312
3465
b6 +
58048
20475
b8
]
,
F122 =
1
15
− 1
35
b2 +
92
1575
b4 − 304
1155
b6 +
461632
225225
b8,
F211 =
1
15
[
1 +
2
3
b2 − 8
15
b4 +
32
21
b6 − 128
15
b8
]
,
F212 =
1
2
[
2
15
+
1
63
b2 − 152
4725
b4 +
1448
10395
b6 − 696704
675675
b8
]
,
F222 =
1
15
− 1
35
b2 +
92
1575
b4 − 304
1155
b6 +
461632
225225
b8,
F311 =
1
15
− 2
105
b2 +
16
525
b4 − 80
693
b6 +
176896
225225
b8,
F312 =
1
2
[
2
15
− 26
315
b2 +
1012
4725
b4 − 8
7
b6 +
6825152
675675
b8
]
,
F322 =
1
15
− 4
63
b2 +
16
75
b4 − 320
231
b6 +
176896
12285
b8.
Note that in the zero field limit B = 0, the term κ
(1)
i ,
as different from κ
(0
i , does not vanish, and contains the
factor (z1+ z2)
2. This guarantees that the photon obeys
the light cone dispersion law z1+ z2 = k
2 = 0 in absence
of the external field B [21].
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